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Abstract

Aims/ objectives: We are interested in a hyperbolic phase field system of Caginalp type,
parameterized by e for which the solution is a function defined on (0, 7) x Q. We show the existence
of the global attractor for a hyperbolic phase field system of Caginalp type, with homogenous
conditions Dirichlet on the boundary, this system is governed by a polynomial growth potential,
in a bounded and smooth domain. the hyperbolic phase field system of Caginalp type is based
on a thermomecanical theory of deformable continua.

Note that the global attractor is the smallest compact set in the phase space, which is invariant
by the semigroup and attracts all bounded sets of initial data, as time goes to infinity. So the
global attractor allows to make description of asymptotic behaviour about dynamic system.
Study Design: Propagation study of waves.
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Place and Duration of Study: Departement of mathematics (group of research called
G.R.A.F.E.D.P), Sciences Faculty and Technical of Marien NGOUABI University PO Box 69,
between October 2015 and July 2016.

Methodology: To show the existence of the global attractor about the perturbed damped
hyperbolic system, with initial conditions and homogenous conditions Dirichlet on the boundary,
we proceed by proving the dissipativity and regularity of the semigoup associated to the system,
and we then split the semigroup such that we have the sum of two continuous operators, where
the first tends uniformly to zero when the time goes to infinity, and the second is regularizing.
Results: We show the existence of global attractor, about a hyperbolic phase field system of
Caginalp type, governed by polynomial growth potential.

Conclusion: All the procedures explained in the methodology being demonstrated , we can
assert the existence of the smallest compact set of the phase space, invariant by the semigroup
and which attracts all the bounded sets of initial data from a some time.

Keywords: The hyperbolic phase field system of Caginalp type; polynomial growth potential; conditions
Dirichlet on boundary; dissipativity; global attractor.
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1 Introduction and Setting of the Problem

We recall that the global attractor A is the smallest (for the inclusion) compact set of the phase
space which is invariant by the flow (i.e. S(t)A = A, V¢t > 0) and attracts all bounded sets, of
initial data when time goes to infinity. The property of invariance satisfied by the global attractor
makes sure of its unicity (when the global attractor exists). It is the smallest closed set which
verifies the property of attraction; and it thus appears as a suitable object in view of the study of
the asymptotic behaviour of the system. In fact the global attractor is the smallest compact set of
the phase space which contains the solution of a dynamic system, when time goes to infinity.

The Caginalp phase field system
ou

00 ou

— — A0 = - —,

ot ot
has been proposed in [1] to model phase transition phenomena, such that melting-solidification
phenomena, in certain classes of materials. In this context, v = u(t,z) denotes the phase-field
or the order parameter, 6 = 6(t,z) stands for the relative temperature defined as 6 = ?T‘;‘, where

a = a(t,z) is the thermal displacement variable or the primitive of 6 and f is the derivative of a
double-well potentiel F'.

In this paper, we are based on the following system of Caginalp type

*u ou Oa

R T AC R T (1.1)
ey Oa Oa ou

R e T e (12)

with homogenous conditions Dirichlet on the boundary

ulog = alsa = 0, (1.3)
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and initial conditions

0 0
U|t:0 = Uo, ai;h:o = Ui, Oé\t:o = o, £|t:0 = o1, (1-4)

which is the hyperbolic relaxation system of Caginalp phase-field based on the type III (see [4]). ©
is a bounded and smooth domain of class C? in R™ (1 < n < 3), 99 the smooth boundary of €,
and € > 0 is a relaxation parameter.

Hypotheses of potential f

fis of class C?, (1.5)

f(0) =0, (1.6)

—co < F(s) < f(s)s + c1, c0 >0, c1 >0, seR, (1.7)
ith F(s) = [ f(r)dr,

with F(s) /0 f(rydr

IF'(9)] < ea(ls] + 1), e2>0, p>0, s€R, (1.8)

f'(s) > —c3, c3>0, scR. (1.9)

Very often, we will need restrictions on p when n = 3; these will be precised when needed.

Our aim in this paper is to show the existence of global attractor of the hyperbolic relaxation
system (1.1)-(1.4).

Such studies have already been made in many works; in the case of a parabolic-hyperbolic phase-field
system (see [2]-[7]). We can also mention the recent work of Daniel Moukoko, for example [7] and [8]
in which the hyperbolic system was the subject of a study with regular potential f(s) = s® — s, and
[9] in which the hyperbolic relaxation system was the subject of a study with a singular potential. In
[6] Doumbé Bongola brice Landry has studied the same system as in this article, but the parameter
of relaxation € = 0.

2 Notations

*(.,.) denotes the scalar product on L*(Q), and ||.|| the associated norm.

*(.,.)x denotes the scalar product on X, and ||.||x the associated norm.

*|Q| is a measure of Q.

*H*(Q) = W2(Q) is Sobolev classic space.

*¢%(€) coincide with [H"T(Q) x H"(Q)] N {¢|an = 0} if ¢ > 0 and with [H*t1(Q) x H*~1(Q)] N
{¢laq = 0} if € = 0, whenever the traces make sense. Note that when k = 0, we write (¢) instead
of €%(e).

|- ||§,<(E) with ¢ > 0, is energy norm in £%(e) for the equation (1.1) with Dirichlet boundary
counditions, defined by

ov )
6o @O12 0y = I (v(8), 2552) 12eey = 103mss + €l 0w + 1152 30m-

*cp is the constant of Poincaré.

3 Preliminary Results

We begin by recalling below the two theorems (see [10] Theorem 3.2 and Theorem 3.3) very useful
later.
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Theorem 3.1 If (ug, u1, ao, 1) € Hp(Q) x L*(Q) x H(Q) x L*(Q) and F(uo)
problem (1.1)-(1.4) has a unique solution (u, ) such that u, o € L*(0, T'; H} (9
u e L>(0, T;L*(Q)) N L*(0, T; L*(Q)) and 22 € L>(0, T; L*(Q)) N L*(0, T'; Hy(R2)), for all
T > 0.

< +00, then the
),

With more regularity we got the second theorem

Theorem 3.2 If (uo, u1, ao, a1) € (H?(Q) N Hg(Q)) x Hg () x (H*(Q) N Hg(Q)) t
the problem (1.1)-(1.4) has a unique solution (u, &) such that u, o € L°°(0, T'; H*(Q) N Hg (Q)
5 € L0, T Ho(@)NL*(0, T3 Hy(), 33 € L(0, T3 Hy ()N L*(0, T H*() N He (%)) and
9w 9a ¢ 120, T;L*(Q)), for all T > 0.

ot2 ) 9t2

We have thanks to the Theorems 3.1 and 3.2, two respective phase spaces

Dy = e(e) x HH(Q) x L*(Q)
and
Py =¢'(e) x (H*(Q) N Hg(Q)) x Hy ()

and we have two energy norms for the system (1.1)-(1.4), in those phase spaces
1(Gus GG = NCullZn ey + el Fpnss + 155 17w for v =0,1.
We then define the continuous semigroup,

Se(t): b, — B,
(G a0,00) > (Gu(t),a0), 220,

for k = 0,1, with (Cu(t), a(t), B%gt)) such that (u,a) is the unique solution of problem (1.1)-(1.4)

and (u(0), a(0), “5) = (Cug a0, 1).

4 Main Results

In this study, we have two main results; the dissipativity and regularity of the semigroup {Se(t)}+>0
associated to the problem (1.1)-(1.4) and the existence of the global attractor.

5 Dissipativity and Regularity

The dissipativity and regularity of the semigroup {Sc(¢)}+>0 associated to the problem (1.1)-(1.4)
mean that the semigroup {Se(t)}:>0 associated to the problem (1.1)-(1.4), possesses a bounded
absorbing set.

The following lemma gives the uniform estimates of ||u|| 1, ||| 1 and || %—j‘ || which are independent
of e.

Lemma 5.1. Assume the hypotheses of Theorem 3.1 verified, ¢ < 1 and (u, «) the solution of
problem (1.1)-(1.4) such that (¢.(0),a(0), 80550)) € ®y. Then, the solution (u, ) satisfies the
following estimate

2 du(t) 2 2 da(t) 1o
@ + el 2822 4oz + 1249
+ L0221 125 e < QI 0,00, By lag)e € (5)

where the positive constants §, C and the monotonic function ) are independent of e.
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Proof. We multiply (1.1) by w and (1.2) by « and we have, integrating over €2, thanks to (1.7)

& (el +2eGp)) +2 [ Pdo+ulfn < ol G + 2150 + 201, (5:2)
oo
& (1al + ol + 2058 ) +llalln - < 2l + 251501+ 2150 63)

We multiply (1.1) by % and (1.2) by %—‘;, we integrate over 2 and we have, summing the two

resulting differential equalities, the following estimate

d
(||u\|H1+e|| 2 +2/F Yz + o2 + 192 ||)+2|| &

+H || + 2|| HHl < epllull - (5.4)
Summing v1(5.2), 72(5.3) and 73(5.4), where 71, 72 and 3 > 0 are such that
Y1 — 2012,72 —cpy3 > 0
2v3 — 271 — 2¢p72 > 0,
Y3 —Cpy1—272 > 0

we find

d
$E3+Cl|luHH1+Cz\| =2 +271/F d$+72||04||H1+03|| || +2H ||H1<C (5.5)

where the positive constants C; and C are independent of ¢, and

Bs) = v (1@ + 26 ) )+ (la@1? + o) + 2252 o) )
40 (Tl + A1+ 2 [ Flu)ds + a0 + 12502 )

Moreover, for sufficiently small values of v1 > 0 and 2 > 0, there exists C' > 0 independent of €
such that

200 12) < 1)

B + el 2802 4 o)

Ou(t
< Iz + el 282 1ol + | ( 20 ),
Owing to the above estimate, (5.5) can be rewritten as
d
o E3+BE3+C1H || +C2 |\ ||Hl <C,

where the positive constants 8, C; and C' are independent of e.

Applying Gronwall’s Lemma, we have

au(t)

eI I+ o) 3 + 12282

+ / (12472 4 20D 2 o507 < Q(1(6u(0), 0(0)
0

da(0)
ot

Jao)e™ ™ +C,

where the positve constants 5, C' and the monotonic function @ are independent of e. This gives
the uniform estimates of ||ul| g1, ||| ;1 and ||%2|| which are independent of e. O
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Theorem 5.1. Assume the hypotheses of Theorem 3.1 verified, ¢ < 1, and (u, ) the solution
of problem (1.1)-(1.4) such that ((.(0), a(0), Ba(O)) € ®g. Then, the solution (u, ) satisfies the
following estimate

utt), (o), 22D 2,

+/O (” aU(T) H2 + H 60&(7_) ||?_I1)67B(t77)d7' < Q(”(Cu(o),a(()), da 0))H¢)0)675t i 07

ot ot ot

where the positive constants 3, C and the monotonic function @) are independent of e.

Proof. Firstly, we determine the uniform energy estimate of the perturbed damped hyperbolic
equation (1.1) with initial conditions and homogenous conditions Dirichlet on the boundary. Equation
(1.1) can be rewritten as follows

D nu= ) + 2 b0, Gulemo = u(Blon =0 (56)
Owing to the proposition A.2 (see [7]) found from equation (5.6), we have
GOl + [ 125 e ar
< Ce™ P (|I(6u(0 )||a<e) + Hhu,a(o)HHfl)
+0 [ Uhua(os + 122D o0, (57)

where the positive constants 8 and C' are independent of e.

To estimate the last term of the second member about (5.7), we first find the estimate of the

term [[u,a(7)]3 1 + | 225272121 We have
Ohu,o(T / 0
OhualD s | < | um)ii- s+ 1 () 28 2

LA TR (58)

1o (P72 +

Oa(T)
ot

0
The estimate (5.1) gives uniform estimates of ||ul/g1, ||a||z1 and ||8—?H independent of e, these

imply

ol < cnunins@(||<<u<o>,a<o>,aogt‘)%n%)e*%c (59)
1298, < 1221 < QI (0),a(0), 22D o) 1 (5.10)

where the positive constants 8, C' and the monotonic function ) are independent of e.

We get thanks to the hypothesis (1.8),

[ul [u]
[f(w)] < e2 </0 |s\2pds+/0 ds> =C ([u**** + Jul), (5.11)

the same hypothesis implies for all w € H§(Q),

C 2P|yl lwld u dx
| (F (), w) | (/Qw lluds+ [ fullu )
c ( [ W lultulas + ||u|\H1||w|\H1) .

IN

IN
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Furthermore, if n = 2 and p > 0, we have, owing to Holder’s inequality and the continuous embeding
of H'(Q) in L*(Q) and in L*?(1),

A

(@) w)| < C(lul i llullcallwl o + lull s lwl )

Clullfs + Dllull g lw] e, (5.12)

and if n = 3 and p < 1, we have, using Holder’s inequality (for p = 1) and the continuous embeding
of H*(Q) in L*(Q),

IN

[(fw)w)| < C(lullzsllullpallwlipa + llull i lwllm)
< Cllullz + Dllull g [[wl - (5.13)
The estimates (5.12) and (5.13) allow to deduce

17+ < QI C0), a(0), 280 o e ¢, (5.14)

where the positive constants 8, C' and the monotonic function @) are independent of e.

We have thanks to the hypothesis (1.8) and for all w € H}(f2), the following estimate

’ Ou 2 ou
- < P12
F@hol < e[ G el [ (5 olds)
ou ou
2p Y vu
¢ (] PGt lds + 1551wl ).

If n =2 and p > 0, we find, using Holder’s inequality, and the continuous embeding of H'(Q) in
L2(2p+1) (9)7

IN

N

ou ou
2w < o (||u\|i’;<2p+1>H§|H|w||L2(zp+1) +15eoln )

IN

C(|lull77: +1)|| HIIwHH1 (5.15)

If n =3 and p < 1, we obtain owing to Holder’s mequahty (for p = 1) and the continuous embeding
of H*(Q) in L5(Q),

19}
@ 5w < (ol G lulzs + 150 Ml ) < COladin + DI Mwlln . 6.16)

The estimates (5.15) and (5.16) allow to deduce

17 @) e < IO, (5.17)

where the positive constant C' is independente of e.

Equation (1.2) implies

o oo Oa ou

— =——+A— 4+ Aa—u— —

oz~ ot Car ST T e
We deduce from the above equation, estimates (5.9), (5.10) and from the uniform estimates of
llall3e, llull7n and [|2215,1, the following estimate

32a 2
I5z - < H ”H L+ H ||H1 Tl + ul—s + 112 5 [

804( )

IN

QUI(¢u(0), a(0), 22y 5 —‘”+c(1+|| 22 ||H1). (5.18)
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The estimates (5.10), (5.14), (5.17) and (5.18) inserted into (5.8) allow to obtain

ah“‘*()llim < Q(I\(Cu(om(o),aoé(to))ll%)e*“

+0(1+|| 1242 um) (5.19)

P2, ()1 +

where the positive constants 3, C' and the monotonic function ) are independente of e.

We insert (5.19) into (5.7). We find from the estimate (5.1)
toou(r B(t—r
Gl + [ 1252 e ar
0
- ¢ da(0 —B(t—r
<cere(f (Q(II(Cu(O),oc(OL 2 llaw) 1) = ar )

+c/(| 1242 HH)e*ﬁ“*”dr

< QU(¢.(0),a(0), %))n%)e*“ +c, (5.20)

where the positive constants 8, C' and the monotonic function @ are independent of e, but C'
depends on the initial conditions.

Combining (5.1) and (5.20), we have

Iut0),ate), 222,

+ / (1240 2 22) 2 o8- 4 < ()G (0), a0), 220

ot

at at Mao)e P +C. (5.21)

O

Corollary 5.1. The semigroup of operators Sc(t),t > 0 associated to the problem (1.1)-(1.4) is
dissipative in @, that’s to say, it possesses a bounded absorbing set in ®g.

This corollary is a straightforward consequence of Theorem 5.1.

We denote Br,(€) = {(Cu, @, 22) € ®0/||(Cu, v, 22)|lay < Ro} where Ry is large enough, a bounded
absorbing set for the semigroup Sc(t) in ®o.

Lemma 5.2. Assume that the hypotheses of Theorem 3.2 hold, ¢ < 1, and (u, &) the solution of
problem (1.1)-(1.4) such that (¢.(0), «(0), aa(o)) € Br,(€) N ®1. Then the solution (u, «) satisfies
the following estimate

@)% + el 282 12, 4 oy +1 282 2,
+ [ 0% e D < QUIG0).0(0. X5 e 4 (52

where the positive constants 3, C and the monotonic function @) are independent of e.

Proof. We multiply (1.1) by —Awu and we get, integrating over

& (Wl + 24958 90 ) 2l = 2070, 0)+ 255 80+ 21 s, (529
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The estimate (5.11) allows to obtain owing to the Holder’s inequality, the continuous embeding of
H'(Q) in L*®P*D(Q) and if n = 2 and p > 0, the following estimate

(f(u), Au)

IN

C (IlalZapny Il 2w | A0t + luf | i)
C(llullZ + Dl el 2, (5.24)

IN

where C' > 0 is independent of e. Moreover if n =3, p <1 (for p = 1) and taking into account the
continuous embeding of H'(Q) in L*(Q), we obtain

(f(w), Au) < Cllullgsl|Aul + Clulll|Aull < C(llullz + D)llulla llull g2, (5.25)

where C' > 0 is independent of e.

We deduce thanks to the estimates (5.24) and (5.25), applying young’s inequality and considering
(Cuv «, %) € BRO (6)

(f(u),Au) < C(llullf + Dl lullmz < Cllullm Jullg2 < %HUHiz +C, (526
where C' > 0 is independent of e.
We insert (5.26) into (5.23). We get thanks to (5.1), the following estimate
d 2 ou 2
& (lelln + 2495890 ) +lulle < 26500 + 2500 40 G20
where C' > 0 is independent of e.

We multiply (1.2) by —A«a and we get, integrating over

IN

d Jda
P (Ha\lfql + el + 2(V§7VO¢)) + [l 2¢p|ullFn + 2Cp|\ HHl + 2H ||H1

IN

C"||ullz2 +26p|| ||H1 +2H (5.28)

ot ”H1

We multiply (1.1) by A%;L and (1.2) by —A%—‘: and we integrate over 2. We obtain, summing the

two defferential resulting equalities

d
(||u||H2 H ot HHl ” HH2 ” ot HHl) H Ot ”H1 ” ot HH1 ” ot HH2

Ou O
S0l +21(Vu, V).

The assumption (1.8) allows to find owing to the Holder’s inequality, considering the continuous
embeding of H(Q) in L*®P*Y(Q) and if n = 2 and p > 0, the following estimate

ou
el

<2/(f'(w)Vu,V (5.29)

(' (w)Vu, V=

IA

2
Cllull 2@y IVull L2+ HV || + C|[Vu|| HV* |

IA

Cllullzs (lull sz + 1) (5.30)

124
8t H1)
where C' > 0 is independent of €. Moreover if n = 3, p < 1, taking into account the continuous
embeding of H'(Q) in L%(Q) (for p = 1), we obtain

ou

[ WV, 750

IN

CHUIILGIIVUHLGIIV H+CIIV IIHV ||

IN

Cllulli ullz + DI 2 (5.31)

ot ”Hla
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where C' > 0 is independent of e.

The estimates (5.30) and (5.31) allow to obtain

ou ou ou
[(f'(@)Vu, Vo) < Cllullf (lullgz + DIl 5l < C(lullaz + D5 a, (5:32)
ot ot ot
where C' > 0 is independent of e.
We insert (5.32) into (5.29). We find
(HuHm +e H HHl + [l 7= + || Hm) + H ||H1 + || HHl < C"|ullfz +C, (5.33)
where the positive constants C””/ and C are independent of e.
Summing v4(5.27), v5(5.28), v6(5.33) where 4, 75 and v > 0 are such that
yi— C//’)/4 _ 20”"}’6 S 0
Yo — 274 — 2¢py5s > 0,
Y6 — 2¢pya —2v5 > 0
we have
d
Bt Cilullz2 + C2H ||H1 + CslalF + C4|| ||H1 <C, C;, C>0 (5.34)
where

ou

O
Ya(llellFn + ||Ot\|f{2 +2(V;,Va)) +75(||U||§{1 +2e(Vgp

ot

+6(Ilullz + EH ||H1 + [l 2 + H En 2 3),

E4 Vu))

for sufficiently small values of v4 > 0 and 75 > 0, there exists C' > 0 independent of e such that
Au(t) 8a(t)
ot

Au(t) ( )2
ot

1) < Ea(t)

O (lu(®)17 I + lla() |72

< C(llu(®)lz

i+ la®lze + 175 ).

We deduce from the above astimate and (5.34) the following estimate

d ou o
<
th4+ﬂE4+CH BN HHl <C,

where 8 and C' are positive constants independent of e.

Applying Gronwall’s lemma, we obtain

Ou(t)
ot

2 2 2
(@)= [z + ()| 72

k 8 —B(t—71 8 —pBt
+ [ 128 e < QUIG0),0(0), P e

9a(t) o
ot

where the positve constants 5, C' and the monotonic function @ are independent of €. Then we
have uniform estimates of ||u|| gz, ||| 72 and ||%—‘Z||H1 independent of e. O

10



Goyaud et al.; BJMCS, 18(6), 1-18, 2016; Article no.BJMCS.28607

Theorem 5.2. Assume that the hypotheses of Theorem 3.2 hold, € < 1, and (u, &) the solution of
problem (1.1)-(1.4) such that ((.(0), a(0), Ooéio)) € Bpr,(e) N ®1. Then, the solution (u, «) satisfies
the following estimate

IGautt),a(e), 23,
+ [ 12 e < QUIG0),0(0), 25 e

where the positive constants 3, C and the monotonic function ) are independent of e.

Proof. We first determine the uniform energy estimate of the perturbed damped hyperbolic
equation (1.1) with initial condtions and homogenous conditions Dirichlet on the boundary. Equation
(1.1) can be rewritten as follows

e&—kafu—Au:—f(u(t))—!—a%gt)

Owing to the proposition A.1 (see [7]) found from equation (5.35), we have

¢ ou(r (7
16O o+ [ 125 e ar
0

< Ce™ P (101121 ey + l1hua (0)1])

t 8huo¢ T — —T
+ 0 [ (bl + 125 e ar (5.36)

= hu,a(t), Cult=0 = ¢, u(t)|oq = 0. (5.35)

where the positive constants 8 and C are independent of e.

To estimate the last term of the second member, we first find the estimate of |hu,a(7)||%1 +
Ohu.a(7) 12

| 2hea Y2 . We have

Ohu,a Oa
e + 12222 < i + 1287 8,

ot -
A7 e 240 2D e L (s

c2 (/ |u|4p|Vu\2d:c+/ \Vu|2dac>
Q Q

e </ |u|4p|w\2dx+\|u|ﬁ{1). (5.38)
Q

If n =2 and p > 0, we find, using the Holder’s inequality and owing to the continuous embeding of
H'(Q) in L%(Q) and in L°(f), the estimate

We also have thanks to the assumption (1.8),

1F @)ll7r = IV @) = || (u)Vul®

IN

IA

IF @l < eallull % I Vulze + callullin < Clullf:llullze + exllullf:- (5.39)

If n =3 and p < 1, we find owing to Holder’s inequality (for p = 1) and considering the continuous
embeding of H'(Q2) in L%(), the estimate

IF @l < eallullzel|Vulfe + callulln < Cllullan llullze + callull?:- (5.40)

We deduce the below astimate, thanks to the estimates (5.39) and (5.40), considering ((u, %) €
Bpg,(€) and the uniform estimate of |ju|| 2

0a(0)

o Mae)e™™ +C. (5.41)

17 ()7 < QII(Cu(0), (0),

11
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Equation (1.2) implies

82704 O Oa ou
otz ot ot ot

Thanks to the above equation and the uniform estimates of ||ul| 2, ||a| gz and ||22] 41, we deduce
the following estimate

82a 2
I5z - < 12 5 o || HHl ol + lul-s + 12 5 [

IN

(H s+ s + s + 11 22 qu)
oa(o

< Q(II(Gu(0), (0), Ma)e™™ +C(1+ || HHl) (5.42)
The estimates (5.17), (5.41) and (5.42) inserted into (5.37) allow to obtain

[N Call +\|”7am\|H L < QUI(C(0), (0)730(%0)

We insert (5.43) into (5.36). we find from the estimate (5.22)

)H<1>1)75t+0(1+\| ). (5.43)

(7) H?{l e P qr

t
I(Gu®) 121 (o) +
0

<ce o ([ (@00, 22 e) + 1) e ar )

Eou(t) o _pa—
+ C’/ | e BT g
o ‘ ot ”H1

< QUI(u(0),a0), 22Dy g, )e 4 ¢, (5.44)

where the positive constants 5, C' and the monotonic function @ are independent of e, but C'
depends on the initial conditions.

Combining (5.22) and (5.44) we have

1), ate), 220z,
e1(0))

02D ) 25 e < QU160 000, 2 ) 4 € (5.5

where the positive constants 8, C' and the monotonic function ) are independent of e. O

Corollary 5.2. The semigroup of operator Se(t) associated to the system (1.1)-(1.2) is dissipative
in D1, ie, it possesses a bounded absorbing set in Pi.

This corollary is a straightfoward consequence of Theorem 5.2.

6 Existence of Global Attractor

Theorem 6.1. Assume that the hypotheses of Theorem 5.2 hold. Then the semigroup Sc(t), t > 0
defined from ®q in ®o, and associated to the problem (1.1)-(1.4) possesses a global attractor A.
which is compact in ¢, bounded and connexe in ®;.

12
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Proof. We have already proved the dissipativity and regularity of the semigroup {Se(t)}i>o0
associated to the problem (1.1)-(1.4). It remains to split the semigroup Se(¢) as the sum of two
continuous operators S:(t) and S2(t), such that the solution (u, &) with initial condition belonging
to Br, N ®1 can be write as follows

(w,0) = (v,n)+(w &) with
50,00, 58 = @m0, T
o6t

SEM(0,0,0) = (Cu(t),&(1), =),
where S (t) is the solving operator associated to the linear hyperbolic system

v v on

= _ A = =L 1
‘oz t v ot (6.1)
?n | 9n an o
— — — A——-A = —v - — 2
oz T ot ot TS (6.2)
vlee = nlaa = 0,
ico = uns Sho =
t=0 = Uo, ot t=0 = U1,
0
Nt=o = ao, aZI = o,
S2(t) is the solving operator associated to the nonlinear hyperbolic system
82 Ow o0&
-— — — A = = .
o2 T o w + f(u) 5t (6.3)
82£ o0& 3 Ow
= — —A = —w - — A4
oz T B ot~ 8¢ AT (64)
wloa = &lea = 0,
0 0
w|t=0 = £|t20 = f|t=0 = 8§|t =0 = 07

and to show that the operator SZ(¢) uniformly converges to 0 over all bounded subset of ®; and
Sf(t) is regularizing on ®1, when the time ¢ tends to the infinity.

We first prove that the operator S} (t) uniformly converges to 0 over all bounded subset of ®¢, when
the time ¢ tends to the infinity.

We multiply (6.1) by v and (6.2) by n and we get, integrating over Q.

d ov
& (WP v2eGim) 1ol < el G+ 250 (65)
d 2 2 On 2 <
2 Il A+l +2(55m) ) +lnlle < 2CpHV||Hl+20pH || +2|| || (6.6)
We multiply (6.1) by ‘gz and (6.2) by a? and we obtain, integrating over €2, the two following
equalities
d on Ov
= o<
(||u|\H1+ 1SE) + 250 = 25 50
on ov  On
2 2 = =2 2(—, —
& (Wt + 05207 + 205007 + 2150 0, ) o % Oy

13
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the sum of the above equalities allow to obtain the following estimate

(||u||H1+e|| 12+ Inlizn + 120 ||)+2|| P+ 12017 + 212 < cpliliin. (67)

Summing vs(6.5), ¥9(6.6) and y10(6.7) where s, 79 and y10 > 0 are such that

Y8 — 2012,79 > 0
Y0 —cpyo —7v8 > O,
Y0 —¢py8 —27v9 > 0

we get
d
7 —F5 +C’1Hl/||H1 +C2H7H +Ca||77HH1 +C4|| H +CSH ||H1 <0, C; >0 (6.8)
where
2 Oov on
Es = (v’ +2¢(5v)) + (0l +H77||H1+2( )
ot’ ot’
+y0([[vl +6||*|| + Il + || || )-

Moreover for sufficiently small values of vg and 9 > 0, there exists C' > 0 independent of e such
that

12+ @+ 1282)2) < By
’0)
210 2

Ol

ov(t
< OB + el 212 4 o)z + |

A(t)
ot

We have the bellow estimate, thanks to (6.8) and the above estimate

d
P +5E5+01H || +Czl\ ||H1 <0, (6.9)

where the positive constants 5, C1 and C> are independent of e.
Applying Gronwall’s lemma, we get

B+ el 212 4 iz + 1

+ [ OO 41 25D e < QQI(Gu(0) a0,

ot

da(0)

o la)e ™, (6.10)

where the positive constants 8, C' and the monotonic function @ are independent of e.

The above estimate allows to obtain the uniform estimates of ||v|| g1, ||7||z1 and H 1|l independent
of e.

The uniform energy estimate of the perturbed damped hyperbolic equation (6.1) with initial conditions
and homogenous conditions Dirichlet on the boundary, is determined as follows.

We have thanks to the equation (6.1),

X+ Y Av= T = (1), Golimo =0 w(t)lon = 0. (6.11)

14
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The proposition A.2 (see [7]) allows to find from equation (6.11), the estimate

16 0120 + / 1 ZAT) 2 =50=m) g

SCe*Bt(II(Cu(O)H?(aJrth(O)HZ—lHC/ (I (P17
0

8hg§7)||§,71)e*3“*f>d7, (6.12)

where the positive constants C' and 3 are independent of e.

ahn(T)

We first find the estimate of ||, (7)||%-1 + ||

( ) 2

1%,-1. We have

B <) 20 20 (6.13)

)y 411 28 2

The estimate (6.10) gives uniform estimates of ||v|| g1, ||n||z1 and ||a—1]\| independent of ¢, these

imply

W < CIIVII?pSQ(H(@(O)ﬂ(o),6%20))”%)6"“ (6.14)
1210 < a2 < QUIGu(0),a(0), 220 oy e, (615)

ot

where the positive constants 8, C' and the monotonic function ) are independent of e.

Equation (6.2) implies

8277_ on on ov
9z - 8t+Aat+An—l/—E.

We deduce owing to the above equation, estimates (6.14), (6.15) and the uniform estimate of
[[n]| g1,the following estimate

15 < 0 (15 +15! |\H1+||n||H1+|\qu1+||at||H )

Q(H(Cu(O),a(O),8%55))”%)6*&+C(H 4150 ). (610

The estimates (6.15) and (6.16) inserted into (6.13) allow to obtain

IN

() + 127 s < QG000 ZeD e + ¢ (1501 + 152 ) - (6.7
We insert (6.17) into (6.12). We find from the estimate (6.10)
GO0+ [ 12D Dar < e+ QM1 0).a0), 2oy e
)y O ) g
+ [ (12 1 25 ) e
< Q<||<<u<o>,a<o>,a‘g§)>\|¢o>e—‘”, (6.18)

Combining (6.18) and (6.10) we have

I e),mte), 223,
da(0)

+ 028 4 2 e < QI 0),0(0), 25 e

15
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So the operator S¢(t) uniformly converges to 0 over all bounded subset of ®o when ¢ tends to the

infinity.
It remain to prove that SZ(t) is regularizing on ®1, when ¢ tends to the infinity.

We multiply (6.3) by w and (6.4) by £ and we have, integrating over Q

A

d ow
& (hol 2600, 5) i < 2l F1° + 26015 ||H1+2p||8t||m, (619)

d 0
& (e Delin + 206, 590) + el < 2ol + 2052 + 26l S, (620

We multiply (6.3) by —A‘?)—f and (6.4) by Aa§ and we get, integrating over Q

d _ Ow 193 Ow
& (Mol + 52 ) + 2500 = —2( @Tu, v5D + 275 95,
d 0 Ow 0
& (16l + 155160 ) + 2050 0 + 215 = —2%w, V50 - 2952 v T
The sum of the above equalities allows to find the following estimate
& (Nl + N 52 e+ el + 158 ) + 1520+ 1 5 + 2158 e
Sl\f(u)VuH +\|w|\H1. (6.21)

We multiply (6.3) by %%J and We get, integrating over 2, the following estimate

ow

& (1520 + 290, v 5

< C C 2 6.22
)+l < @I+l Sl + 2150 622
Summing v11(6.19), v12(6.20), 713(6.21) and v14(6.22), where y11, 712, Y13 and 14 > 0 are such
that

Y11 — 20129712 -ms > 0
Y13 — 2cpm1 — 265712 — 2714 > 0,
Y13 — 20;2,%1 —2¢p712 = Coy1a > 0
we find

d
et Cs|lwlf +C4H ||H1 +Cs €7 +C6|| ||H1 +C7|| ||H2 +Csl\ 92 17
< If' () Vul* + Culf (u )II ;

we deduce the estimate

3 s < Ul vl + Calf @), (6.23)

where

B = (ol + 26000, ) + 7 (Hfll +leln + 266, 59)

0
s (lolie + el 22 ||H1+||£HH2+|| ||H1 + 714 H H +2(Vw, V52 ),
ot ot
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For sufficiently small values of 11, y12 and 140, there exists C' > 0 independent of € such that

8&( ))

Cll(Cu(t), £(1), [, < Es(t), (6.24)

The assumption (1.8) allows to find owing to (u, @) € Br, N ®1 that to say u € H?(Q)) with
H?(Q) C L>=(Q), the estimates

£ () Vu®

IN

02/ 7T dech/ Vultde < C (e gl + ulf ) < Clluls
I < © [ (ul ™}l + ) do < © (e ol + ) < Clulfy.

Thanks to the estimate (5.1), the above estimates can be write as follows

0a(0)

1@l < QU0 00), 22Oy oo 4 0 (6.25)
@I < QMic©),a0), 220 5,)e 4 ¢, (6.26)

where the positive constants 8, C' and the monotonic function ) are independent of e. After
inserting (6.25) and (6.26) into (6.23), we find

LB < QUIG0),0(0), 22 lag)e T+, (6.27)

We obtain, integrating (6.27) from 0 to ¢ € [0, T] and combining with (6.24),

lcw.&0. 25D, < ¢ [ (@), 25 s +0 ) ar
< (1) QUICu(0),a(0), 22D ) + 01
< QUIGu(0), a(0), 220 )>||%>+OT
< (1+T>Q(H(<u<0),a<o>,a‘g§)>n%>
0. ZONE < (147 QI 0).0(0), 22Dy ). (6.25)

The estimate (6.28) allows to assert that the operator Sc(t) is regularizing in ®;, and there exists
a bounded and attracting compact set in ®;. O

7 Conclusion

The works contained in this manuscript about dynamic system, are very interesting to explain the
context of phase transition phenomena, when the solution of the system exists. The existence and
unicity of global attractor, associated to the problem (1.1) — (1.4) that we have proved in this paper,
allow to assert that the solution of the problem (1.1) — (1.4) studied in [4], belongs to the subset
called global attractor, from a certain time.
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